The time-dependent equation of radiative transfer is solved for a participating medium housed in an axisymmetric cylindrical enclosure by both the discrete-ordinates method and the finite volume method. Many heat transfer processes, including absorption of renewable and sustainable solar energy in a solar receiving tube for use in power plants, can be modeled in a cylindrical enclosure. Steady-state and transient heat flux profiles are generated for both purely absorbing and absorbing-scattering media using both solution methods. The effect of changes in scattering albedo and optical thickness is investigated. A basic modeling of a solar energy receiving tube is presented, and the volumetric radiative absorbed energy rate at the radial centerline is calculated to determine the amount of absorbed energy that can be transferred to a working fluid in a solar reactor. Comparisons of both computational time and committed memory usage for each method are presented. In general, heat fluxes predicted by the FVM with 288 directions tend to slightly underpredict those determined using the DOM quadrature. The FVM requires more committed memory and has longer convergence times than the DOM due to the inherent differences in angular quadrature.
INTRODUCTION
In recent years, due to overwhelming concern over environmental pollution caused by the burning of fossil fuels and financial costs of obtaining said fuels, great attention has been focused on renewable and sustainable energy sources, such as solar energy. In solar reactors and solar power plants, radiant intensity from the sun is absorbed by a solar receiver [1] and converted into thermal energy, which can then be used to heat a working fluid (such as molten salt) in order to increase the thermal efficiency and operating temperature of the system [2] . Particular applications involving solar energy include high-temperature reforming of methane [3] [4] [5] to produce an energy-rich synthesis gas for industrial use, and the production of hydrogen gas by high-temperature water vapor electrolysis [6, 7] . Work has also been done to improve absorption of radiant solar energy in such systems, such as the development of the high-flux "Porcupine" absorber by Karni et al. [8] that can both endure large solar fluxes and high working temperatures, leading to increases in thermal efficiency. In addition to experimental work, Jianfeng et al. [2] performed a numerical study on performance of a receiver pipe under concentrated solar irradiation, and Li et al. [1] performed a detailed analysis of heat transfer processes in a molten-salt cavity receiver.
For such renewable and sustainable energy processes, and for other processes including high-temperature thermal manufacturing and laser-tissue interactions, accurate modeling of radiative transfer is essential to fully characterize overall heat transfer [9] [10] [11] [12] [13] . Contributions due to radiative heat transfer can be determined through solution of the Equation of Radiative Transfer (ERT). Many of the processes above can be modeled using cylindrical enclosures, in particular solar receiver tubes. Furthermore, in many cases, said enclosures can be taken to be axisymmetric, which allows for easier solution of the ERT by allowing a three-dimensional cylindrical enclosure to be approximated as two-dimensional. Two widely used methods to solve the ERT, due to their relative simplicity and robustness, are the Discrete-Ordinates Method (DOM) and the Finite Volume Method (FVM).
The DOM was not originally proposed for predicting radiative heat transfer. In fact, it was introduced in 1968 by Carlson and Lathrop [14] as a useful tool to solve the neutron transport equation. Works by Fiveland [15, 16] expanded the theory presented by Carlson and Lathrop for use in predicting radiative heat transfer in three-dimensional enclosures containing both isotropic and anisotropically scattering media. Expansion of the DOM for the prediction of radiative transfer in axisymmetric cylindrical enclosures was presented, in great detail, by Menguc and Viskanta [17] , Jamaluddin and Smith [18] , and Jendoubi et al. [19] . While these previous benchmark publications investigated the steady-state ERT, Guo and coauthors pioneered use of the DOM for solving the timedependent ERT in order to predict radiative transfer in ultrafast laser applications [20, 21] , including laser-tissue welding and soldering [22] and removal of cancerous cells from healthy surrounding skin tissue via laser ablation [13, 23] .
The FVM, although first used mainly for predicting convective heat transfer in fluid flow, is a popular tool for solving the ERT in recent years. Raithby and Chui [24] were among the first to propose the FVM as a tool to calculate radiative heat transfer in participating media. Chui and Raithby [25] also implemented the FVM to solve for axisymmetric radiative transfer in cylindrical enclosures, including a comparison with measured furnace data for validation. Chai et al. [26] used the FVM to solve for radiative transfer in rectangular enclosures with heat generation, irregular geometries, and collimated incidence. Other works by Kim and Baek [27] and Kim [28] completed the framework for prediction of radiative transfer in both axisymmetric and nonaxisymmetric cylindrical enclosures for applications such as furnace combustion. The use of the FVM has been extended to many different problems, including enclosures with complex geometries [29] and obstacles [30] . Chai et al. [31] solved the transient ERT for a three-dimensional rectangular enclosure with the FVM, expanding on similar work presented by Guo and Kumar [21] for the DOM. Recently, the FVM was used in conjunction with the Lattice-Boltzmann method to predict overall heat transfer in combined radiation and conduction problems [32] .
Many studies have been completed using either of these solution methods, but few publications have explored a detailed comparison of the two. In general, comparisons found in the literature are only found for few steady-state cases. Comparisons of transient results computed using both the FVM and DOM to solve the time-dependent ERT have not been reported, to the author"s knowledge. In addition, comparisons of computational convergence times are available only for limited cases, and presently an analysis of computational memory usage in both schemes has not been performed, to our knowledge.
In this treatise, radiative transfer in an axisymmetric cylindrical enclosure housing a participating media is predicted using both the discrete-ordinates and finite volume methods. In order to validate each method, heat fluxes calculated for a purely absorbing medium are compared to exact values obtained from the literature. Both steady-state and transient heat flux profiles are analyzed and compared for an absorbingscattering medium. Variations of both scattering albedo and optical thickness are performed to gauge their effect on FVM and DOM heat flux profiles. A basic analysis of absorbed energy in a solar receiver tube is performed, with predicted values of volumetric radiative absorbed energy rate at the radial centerline and side wall compared for both methods. Committed memory usage for each method is calculated for various angular quadratures and spatial grid densities. The effects of spatial grid density, scattering albedo, and optical thickness on the steady-state computational convergence time are determined. 
NOMENCLATURE

EQUATION OF RADIATIVE TRANSFER
The time-dependent ERT, for an axisymmetric cylindrical medium enclosing a gray-diffuse absorbing-emitting and scattering medium, can be written in the following form [9, 10, 33] (1)
where the radiative source term is further expanded into two terms, accounting for medium blackbody emission and radiant energy scattering between two representative directions:
The vectors and are the position and unit direction vectors locating the radiative intensity, and the direction cosines can be expanded, in terms of polar angle and azimuthal angle , as , , and . The walls of the cylindrical enclosure are assumed to be diffuse emitters and reflectors of radiant energy. The intensity emanating from a point on the enclosure wall in a specific direction is given by
where the initial term accounts for the wall emissive power and the secondary term accounts for the summation of the reflected components of all incoming intensities. An axisymmetric condition is applied at the radial centerline. For the timedependent ERT, an initial condition is also required. Generally, this condition will be supplied in the form of a known medium intensity or temperature distribution. For solution of the steady-state ERT (i.e., the temporal term in Eq. (1) is neglected), the initial condition serves as an initial guess for the iterative solution procedure.
The radiative heat flux at any given point on the enclosure wall can be calculated using:
where the quantity is the cosine of the angle between the direction of incoming/outgoing intensity and the wall surface normal vector. The incident radiation at any location in the medium can be calculated using:
DISCRETE ORDINATES METHOD
For the DOM, the time-dependent ERT is solved for a finite number of discrete directions, with all integral quantities being replaced by quadrature summations [15, 16] . Eq. (1) can be written in the following form, for a discrete direction [13, 22, 23] (6) and the source term of Eq. (2) becomes
In the previous equation, is the weighting factor of direction , and is the discrete scattering phase function between directions and . The scattering phase function satisfies the following condition, for a given direction , to ensure conservation of scattered energy in the system
The boundary conditions, given in general by Eq. (3), can be written for each specific boundary wall. For example, the boundary condition at the enclosure side wall ( becomes
Eq. (9) holds for the boundary conditions at all other walls with proper manipulation of the direction cosines in the reflected intensity summation. Once the intensity field is obtained by solving Eq. (1) numerically, the radiative heat fluxes at the enclosure walls can be calculated from Eq. (4). For example, at the side wall, the net radiative heat flux is expressed as
As with the boundary conditions, heat fluxes at other walls can be calculated by manipulating the direction cosines in the preceding equation. The incident radiation can be expressed as
The ERT is solved using the transient discrete-ordinates method (TDOM). The quadrature (288 discrete ordinates) was used for most calculations, although multiple quadrature sets ( were also implemented for determining the effect of angular quadrature on CPU memory and convergence time. The cylindrical geometry was divided into spatial control volumes. Details on the discretization of the governing ERT and the numerical scheme are not presented here, for brevity, but can be found in previous publications by Guo and co-authors [13, [20] [21] [22] 33] .
FINITE VOLUME METHOD
For the FVM, the time-dependent ERT is integrated over an arbitrary control volume and solid angle . After said integration, Eq. (1) can be expressed, for a discrete direction , as (12) where Gauss"s theorem has been applied to the second term to convert a volume integral to an integral over surface area [26] . Assuming that intensity over a specific control volume and solid angle is invariant, Eq. (12) can be simplified to the following form:
The surface area integration has been replaced by a summation over the six faces of the three-dimensional control volume. The discrete solid angle can be calculated using the following integral expression (14) where the limits of integration are the polar and azimuthal angles defining the edges of the discrete solid angle. The integral represented by in Eq. (13) is the directional weight of direction at control-volume face , which can be calculated as follows:
Expressions for at all six control volume faces are presented by Kim [28] .
The source term in Eq. (13) is expressed, for a given direction , as (16) where is the average scattering phase function between directions and , which can be accurately calculated as (17) where the discrete solid angles and are split into and equally spaced sub-angles and , respectively. The discrete phase function is determined between two specific sub-angles.
This phase function averaging technique was introduced by Raithby and Chui [24] as a method to ensure conservation of scattered energy when discretizing using the FVM.
The intensity emanating from the enclosure wall in a given direction can be written using Eq. (3):
Similarly, after the radiant intensity field is determined via solution of Eq. (13), the radiative heat flux at any enclosure wall can be determined by (19) and the incident radiation can be determined by (20) In order to guarantee consistency with the solution produced with the TDOM, an equal number of total directions must be analyzed using the FVM. The cylindrical geometry was similarly divided into spatial control volumes, whilst the total solid angle of 4π was divided into equally spaced solid angles, with and . Since the DOM quadrature was used for the majority of calculations, the FVM was divided into total directions to maintain consistency. The mapping scheme introduced by Chui et al. [25] for axisymmetric cylindrical enclosures was implemented. In order to relate control volume facial intensities to nodal intensities for both the DOM and FVM, the step scheme [9] was used. Further discretization and solution details for the FVM are not presented forthwith, for brevity. Detailed explanations of the FVM numerical scheme can be obtained from the author"s previous journal publication [33] as well as journal publications [24] [25] [26] [27] [28] .
RESULTS AND DISCUSSION
The computing station used for the DOM and FVM calculations is a Dell Optiplex 780, with an Intel 2 Dual Core 3.16 GHz processor, and 4.0 GB of RAM. The simulations were performed using FORTRAN. The convergence time for each case was determined using a built-in CPU time analyzer in FORTRAN, while committed memory usage was verified both through determination of the FORTRAN image size and through use of the Windows Vista performance manager. In order to accurately gauge CPU convergence time, the schemes were run in ideal conditions, with only other essential processes enabled.
Furthermore, CPU convergence times were determined multiple times, and the average convergence time is reported here.
The first test problem in this study involves a purely absorbing medium. The cylindrical enclosure has radius and height . The aspect ratio of the cylinder is unity, i.e. =
. All boundary walls are taken to be cold and black. The housed medium is hot, with emissive power All heat fluxes are non-dimensionalized by the medium emissive power. Figure 1 shows steady-state axial variation of heat flux at the enclosure side wall generated using both the FVM and DOM. The spatial grid used for the steady-state results was 150 x 150. The profiles are generated for three optical thicknesses ( ). The numerically determined fluxes are compared with the readily-available exact solution [28] for validation purposes. For all three optical thicknesses, the solutions obtained by both the DOM and FVM 288 quadratures compare accurately to the exact solution. For the thick medium ( = 5.0), the FVM and DOM underpredict the exact solution by a maximum of 1.23% and 0.85%, respectively, at the axial midpoint. The largest discrepancy is seen for = 1.0, with maximum differences reaching 2.89% and 2.14% for the FVM and DOM, respectively. The maximum difference for = 0.1 is 1.94% and 1.69% for the FVM and DOM, respectively. For all three optical thicknesses, both methods produce accurate flux profiles, with the DOM being slightly more accurate than the FVM for an equal number of discrete directions. The average percentage difference between the DOM and FVM with 288 total directions is 0.28%, 0.81%, and 0.44% for = 0.1, 1.0, and 5.0, respectively, showing great comparison between the two methods.
The highest order quadrature currently available in the literature for the DOM is the quadrature, due to the difficulty in satisfying specific moment constraints with larger numbers of discrete directions. The increase of angular quadrature in the FVM, however, is not limited by such constraints. As a test, flux profiles for the previous problem were also determined using the FVM with a total of 440 directions (an equivalent number of directions to the DOM quadrature). The inlay in Figure 1 shows that the FVM with 440 directions predicts more closely to the exact solution than the FVM with 288 directions for = 1.0, showing that an increase in angular quadrature does improve solution accuracy. However, the profile generated with the FVM 440 scheme still underpredicts the DOM result by an average of 0.22%. The small difference seen between these results may be due to the differences in chosen directions between the two schemes. The present FVM uses equally spaced directions with equal importance, while the DOM scheme incorporates weighting factors as a mean of determining the relative influence of specific directions. Figure 2 shows transient flux profiles for the purely absorbing medium. The choice of time step for transient results is crucial, as it is imperative that the traveling distance of radiant energy between two time steps does not exceed the spatial control volume size [20, 21] . Guo and Kumar [20] showed that, to satisfy the previous condition, the time step used has to satisfy the inequality
Introducing non-dimensional time , and nondimensional lengths and , the previous condition can be rewritten as follows ( 
22)
The medium was taken to have refractive index of 1.4 (similar to biological tissue), and thus the speed of light in the medium can be calculated as 0.214 m/ns. The spatial grid for the transient results in Figure 1 (b) was taken to be 150 x 150. With this spatial grid, a time step of was chosen in order to fully and accurately capture transient flux profiles. The medium was taken to be optically thick. As increases, the flux profiles decrease in overall magnitude. Sharp decreases in flux are seen near the cold end wall. The steady-state solution presented in Figure 1(a) is also plotted. At large , transient flux profiles accurately conform to the steady-state results. It is seen that for all observed nondimensional times, flux profiles generated with the FVM underpredict those generated with the DOM.
The second test problem considered in this study is a scattering medium housed in a cylindrical enclosure of the same size as the previous absorbing case ( = 1). All enclosure walls are considered black. The side wall is hot, with emissive power , and the end walls are cold. The medium temperature is kept cold throughout. The heat fluxes are nondimensionalized by the side wall emissive power. The scattering is taken to be isotropic for all cases ( = 1).
Figures 3(a) and 3(b) show transient side wall heat flux profiles generated with both FVM and DOM schemes for a purely scattering medium ( = 1.0). The spatial grid considered is 40 x 40, and the corresponding time step considered for accurate accommodation of transient effects is 0.01785. Figure 3 (a) shows transient flux profiles for an optically thin medium ( 0.1). At large , the transient profiles exactly match to the steady-state predictions. For small values of , the flux profiles predicted by the FVM slightly underpredict the DOM results. As increases, however, larger deviations start to appear. Physically unrealistic bumps in the flux profiles appear between the end wall and axial midpoint. These deviations in flux profile occur due to ray effect [34] , which occurs whenever a continuous angular variation is approximated by a finite number of discrete directions. Both solution methods approximate the continuous angular variation in this manner. However, ray effect does not occur consistently between the two solution methods. For example, at = 5.0, the DOM solution overpredicts the FVM solution by a maximum of 4.20% close to the end wall. Conversely, at another axial location, the DOM solution underpredicts the FVM solution by a maximum of 7.82%. The inconsistency in the manifestation of ray effect stems from the difference in angular quadrature between the two methods. In the present FVM 288 scheme, a uniformly spaced angular grid is applied to the cylindrical enclosure, whilst the chosen directions in the DOM are not uniformly spaced for the quadrature. Although the number of directions are equivalent, the difference in angular spacing leads to discrepancies in the manifestation of ray effect between the two solution methods. For this case, almost perfect agreement is seen between the solutions generated with the FVM and the DOM. At the axial midpoint (z = 1), the FVM underpredicts the DOM by just 0.06% for = 10.0. Ray effect is not witnessed for the optically thick case, conforming to results presented by Chai et al. [34] stating that ray effect is more pronounced for optically thin media. The transient results again exactly match the steady-state results at a large nondimensional time. Figure 4 (a) to = 0.1 in Figure 4(b) . In both cases, the medium optical thickness is taken to be = 1.0. The spatial grid and time step used are the same as for the preceding scattering results seen in Figures 3(a-b) . The FVM and DOM produce similar flux profiles for both values of scattering albedo. For = 0.5, the maximum percentage differences between the FVM and DOM are 0.65%, 0.95%, 0.54% and 0.67% for = 0.5, 1.0, 2.0 and 5.0, respectively. Similarly, for = 0.1, the maximum percentage differences between the two schemes are 0.61%, 0.88%, 0.58% and 0.67%. Slight bumps in the flux profiles due to ray effect can be seen in Figures 4(a) and 4(b) , but the effect is not nearly as pronounced as in the pure scattering case, as the maximum difference is less than 1% for all analyzed time steps.
The third test problem in this study involves the basic modeling of an absorber tube in a solar energy system. In solar power plants [7] , solar energy is commonly directly absorbed by a receiver tube and transferred to a working fluid for later use. Many different materials, with many different optical thicknesses and scattering albedos, can be added to the inside of a solar receiver tube to enhance solar energy absorption. Common examples include alumina-silica [8] and other porous ceramic materials. A basic modeling of the radiative heat transfer processes in a solar receiver tube containing a representative participating media is performed using the FVM and DOM.
For this test problem, a cylindrical enclosure housing a participating medium is analyzed. The enclosure has aspect ratio = 0.2 in order to approximate the dimensions of the solar receiver tube. The medium housed in the enclosure both absorbs and scatters light, with scattering albedo = 0.92. The two optical thicknesses considered for this problem are = 1.0 and = 10.0. The side wall of the enclosure is black, and is prescribed a temperature of 1000 K to simulate high heating by solar radiation. The end walls of the enclosure are cold, and are taken to be pure reflectors. The medium is kept cold throughout, i.e. = 0. The spatial grid used was 40 x 200, and a time-step of = 0.0223 was implemented to capture transient results fully. Figure 5 (a) plots the volumetric radiative absorbed energy rate at the radial centerline of the enclosure versus axial location for an optically thick medium ( = 10.0). The volumetric radiative absorbed energy rate can be expressed as (23) This absorbed energy rate indicates the amount of absorbed energy that is transferred to a working fluid for later use in the solar power plant.
For small , the discrepancy between the DOM and FVM solution is large. At = 0.625, for example, the DOM overpredicts the FVM by a maximum of 24.1%. At larger times, however, this discrepancy decreases, with a maximum difference of 2.48% seen for = 12.5. Similar results can be seen for the optically thinner medium ( = 1.0) in Figure 5(b) . At = 0.625, the volumetric radiative absorbed energy rate predicted by the FVM is 21.93% lower than that predicted by the DOM. However, at = 10.0, the FVM solution actually overpredicts the DOM by a maximum of 2.23%. The results for both optical thicknesses show that even though the steadystate results are fairly accurate (within 3%), there is a significant discrepancy in the transient results, especially at small times. Figure 6 shows the volumetric radiative absorbed energy rate at the side wall for the optically thick medium. In contrast to Figure 5(a) , where there were large discrepancies seen between absorbed energy rates calculated with the FVM and DOM, the transient results calculated at the side wall match almost perfectly. The maximum percentage difference between the two methods is 0.02% at = 5.0. The decrease in accuracy between the FVM and DOM near the radial centerline occurs because of numerical propagation error due to the differences in angular quadrature. Near the side wall, small errors due to angular quadrature are negligible because of the high wall emissive power. Near the centerline, the effects of the side wall emission are much lower, leading to a larger discrepancy caused by numerical error. In addition to physical results, the efficiency of both methods is compared by analyzing both computational time and memory usage. In order to accurately compare committed memory between each method, only variables and arrays that were necessary for execution were included. Double-precision was used for all real numbers in the analysis. Figure 7 plots the variation of committed memory usage with change in angular quadrature. Four different spatial grids were used for the analysis, ranging from 150 x 150 to 400 x 400, in order to tax the computational resources. In general, for both the FVM and DOM, the committed memory increases as the angular quadrature increased and also as the spatial grid was refined. The ratio between FVM and DOM committed memory is also plotted for the four spatial grids. The FVM/DOM committed memory ratio is identical for all four spatial grids, indicating that spatial grid refinement has an equal effect on both DOM and FVM committed memory. Conversely, as angular quadrature increases, the ratio between FVM and DOM committed memory increases in a logarithmic fashion, increasing from 1.38 to 1.90 as the quadrature increases from to . The increase in FVM/DOM committed memory ratio with increasing quadrature can be attributed to the difference in angular discretization. In the DOM, the angular derivative is approximated using angular differencing coefficients [9, 19] . These coefficients allow for the problem to be solved as a twodimensional problem (intensities are only required in the ( directions). However, in the FVM, the angular derivative is calculated using neighboring control volumes in the azimuthal direction. Because of this, intensities need to be stored for the ( directions, leading to increased array sizes, and thus a large increase in memory usage as the number of total directions increases. As scattering albedo increases from 0 to 1, the steady-state convergence time increases due to the dependence of the source term in the governing equation on scattering albedo. Similarly, as optical thickness increases, convergence time increases due to the fact that it takes longer for radiant energy to propagate through an optically thick medium. The ratio between FVM and DOM convergence time is plotted for all cases in both figures. Regardless of the scattering albedo or optical thickness chosen, the computational time ratio between the FVM and DOM remains nearly constant, ranging from 1.10 to 1.15. These results are not consistent with basic computational time comparisons in previous literature results, which determined the ratio between FVM and DOM convergence time to range from 1.5 to 2, depending on the scattering albedo, optical thickness and quadrature scheme used [26, 27] .
The discrepancy between the current results and the previous literature publications can be attributed to dramatic increases in both CPU memory storage and processing power, especially with the advent of Dual Core processors.
CONCLUSIONS
The equation of radiative transfer is solved, using the discrete-ordinates method and the finite volume method, for an axisymmetric cylindrical medium. Steady-state and transient flux profiles are examined for a purely absorbing medium and compared to the exact solution for validation. Transient heat flux profiles in an isotropically scattering medium are compared for various optical thicknesses and scattering albedos. A basic analysis of radiative transfer in a solar energy receiver tube is presented. The volumetric radiative absorbed energy rate at the radial centerline is determined using both methods to describe the amount of absorbed radiative energy being transferred to a working fluid in a solar power plant. The committed memory usage and computational times are compared for each method with varying angular quadrature, spatial grid density, scattering albedo and optical thickness.
For the purely absorbing case, both methods produce accurate flux profiles, with the accuracy of the DOM being slightly better than the FVM. Flux profiles produced by both methods for the scattering cylinder are accurate for the optically thick medium, and are less accurate when compared to each other for the thin medium due to ray effect. The discrepancy between DOM and FVM volumetric radiative absorbed energy rate is large for small times, but is very small as steady-state is achieved. For all cases, the computational time and committed memory for the FVM is higher than that of the DOM. Angular quadrature is found to have the largest impact on the FVM/DOM committed memory ratio, due to the differences in angular discretization. The memory ratio between the two methods is found to have no dependence on the density of the spatial grid. Regardless of scattering albedo and optical thickness, it was found that the computational time ratio between the two methods is between 1.10-1.15, greatly differing from literature predictions. In general, the DOM is a more computationally efficient method than the FVM.
